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The solid solution strengthening is an important strengthening way as well as the work hardening, 
precipitation hardening and grain refinement in aluminum alloys. In this work, we modeled the solid 
solution strengthening in aluminum-based binary alloys using Cottrell’s procedure concerning the 
interaction between a solute atom and a dislocation and Friedel’s equation. Then contributions to the 
yield strength due to the solid solution strengthening were estimated from the calculated values of the 
misfit strain. The misfit strains of Si, Zn, Sn and Pb in the Al-based binary alloys were calculated 
from the first principles. The size mismatch between the solute and solvent atom gives rise to a 
distortion of the surrounding lattice, which is called the misfit strain. The calculated values of 
amounts of solid solution strengthening were in good agreements with the available experimental 
values in Al-Zn alloys. This agreement provides confidence in the current computational approach. If 
the supersaturated solid solution could be formed during the non-equilibrium processing such as a 
melt-spinning process, new additional elements of Pb would be effective for the purpose of the solid 
solution strengthening. 
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1. Introduction 

Aluminum alloys are important materials due to their high technological value and their wide 
application such as the aerospace field, motorized vehicles and domestic industry. The solid solution 
strengthening (hardening) is an important strengthening way as well as the work hardening, 
dispersion/precipitation hardening and grain refinement in aluminum alloys. The additional elements 
for the purpose of the solid solution strengthening are Mg and Mn in commercial aluminum alloys. 
The yield strength depends on the effect of the work hardening and solid solution strengthening in 
non-heat-treatable aluminum alloys which include the 1xxx (pure Al), 3xxx, (Al-Mn) and 5xxx 
(Al-Mg) series alloys. The effect of Cu [1], Mg [2, 3], Zn [4], and for the solid solution strengthening 
in aluminum alloys has been well investigated. However, it is interesting to establish the presence or 
absence of other elements that is more effective for the solid solution strengthening than Mg and Mn. 
Our final goal is to predict the yield strength of the aluminum alloys strengthened by the solid 
solution hardening and design the composition of the new aluminum alloys. 

The size mismatch between the solute and solvent atom gives rise to a distortion of the surrounding 
lattice, which is called the misfit strain. We have investigated the misfit strain of Fe solute atom in 
aluminum [5]. In this work, the misfit strains of Si, Zn, Sn and Pb solutes in aluminum were 
calculated from the first principles. We modeled the solid solution strengthening in aluminum-based 
binary alloys using Cottrell’s procedure concerning the interaction between a solute atom and a 
dislocation and Friedel’s equation. Then contributions to the yield strength due to the solid solution 
strengthening were estimated from the calculated values of the misfit strain in Al-based alloys. 
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2. Calculation procedure 
The calculations of the misfit strain was performed using the Cambridge Serial Total-Energy Package 
(CASTEP) [6]. CASTEP is an ab initio pseudopotential method code for the solution of the electronic 
ground state of periodic systems with the wave functions expanded in plane-wave basis using a 
technique based on the density functional theory (DFT) [7, 8]. The electronic exchange-correlation 
energy is given by the generalized gradient approximation (GGA) (PW91) of Perdew et al. [9] in the 
DFT. Troullier-Martins pseudopotentials [10] was used for Al. Ultra-soft pseudopotentials [11] were 
used for the other elements. A Gaussian smearing [12] of 0.1 eV is applied to the occupation numbers. 
The cut-off energy of 350 eV for plane-wave basis was used.  

 
For studying the misfit strain in the Al-based solid solution, a supercell containing 125 atoms as 

shown in Fig. 1, which is periodic in all three directions, was employed.  The supercell contains a 
substituted solute atom per cell and corresponds to 0.8 at% dilute solid solution. The energy 
integration over a Brillouin zone was made with k-point grids according to the Monkhorst-Pack [13] 
sets of 2x2x2 k-points.  The stable atomic configurations are obtained through relaxation according to 
the Hellmann-Feynman forces. The lattice constants at zero pressure were optimized using a 
Broyden-Fletcher-Goldfarb-Shanno (BFGS) minimization algorithm [14]. The misfit strain ε was 
derived from a fractional distance, 
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where r and ro is the distance between a solute atom and a solvent Al atom at the first nearest neighbor 
site. The distance r is measured in the cell which lattice constant was optimized to a’ at zero pressure 
and atomic position are also relaxed.  The distance ro was measured in the cell which lattice constants 
were fixed to a’, and atomic positions were fixed to ideal fcc lattice position.   

 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 1   Depiction of supercell containing 124 Al atoms and one solute atom for the calculations of 
misfit strains in Al-based solid solutions. Gray balls indicate Al atoms and white balls indicate solute 
atoms. 

 
  
 

3. Results and discussion 
The calculated misfit strains of Si, Zn, Sn and Pb solutes in the Al-based binary alloys are 
summarized in Table 1. The value of Fe solute, which have been calculated previously from first 
principles [5], is also shown in this table.  
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According to the dislocation theory, a solute atom interacts with a dislocation. The most 
important contribution to the interaction between a solute atom and a dislocation is usually that due to 
the distortion a solute atom produces in the surrounding solvent atoms. In Cottrell’s procedure [15, 
16] the maximum interaction force Fm between a solute atom and an edge dislocation is  
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where μ is the shear modulus, b is the magnitude of the Burgers vector, ε is the misfit strain, and ν is 
the Poisson's ratio. In Friedel’s theory [17, 18], the increasing critical shear stress Δτs for low 
concentration is  
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where c is the solute concentration. When Fm in Eq. (2) is substituted to Eq. (3), the increasing yield 
stress due to the solid solution strengthening in a polycristalline alloy Δσs is obtained using the Taylor 
factor M as follows 

cMs
2/3

2/34/3

1
1

2
3 εμ

ν
νσ ⎟

⎠
⎞

⎜
⎝
⎛

−
+

=Δ .    (4) 

Eq. (4) indicates the yield stress increases as the square root of the concentration and the absolute 
value of misfit strain. In the case of the Al based solid solution, taking M = 3.06, μ = 26.5 GPa [19], 
ν = 0.347 [19], and the value of the misfit strain calculated from the first principles, Eq. (4) gives the 
contribution to the yield stress due to the solid solution strengthening. 

 
 
 

Table 1  The calculated misfit strain ε and the maximum solubility limit cmaxs in the Al-based binary 
alloys. 

Solute ε (%) cmax (at.%) [20]
Si -0.61 1.59

Zn -0.38 66.41
Sn 2.6 0.002
Pb 4.8 0.02
Fe -3.9 [5] 0.025

 
 
 
Using the values of misfit strain shown in Table 1, the contribution to the yield stress due to the 

solid solution strengthening was obtained through the Eq. (4). The dependence of the contribution to 
the yield stress due to the solid solution strengthening as a function of the solute content is shown in 
Fig. 2.  The experimental results in Al-Zn are also shown in this figure [4]. The calculated values of 
the amounts of solid solution strengthening were in good agreements with the available experimental 
values in Al-Zn alloys. This agreement provides confidence in our computational approach. 

The amount of the solid solution strengthening depends on the absolute value of misfit strain and 
the solute content following Eq. (4). It is noted that the solute atoms only contribute to the solid 
solution strengthening. So, not only the misfit strain, but also the solubility limit is the important 
factor in order to design the aluminum alloys fabricated by the equilibrium processing such as ingot 
metallurgy. If the supersaturated solid solution could be formed during the non-equilibrium 
processing such as a melt-spinning process, new additional elements such as Pb and Fe would be 
effective for the purpose of the solid solution strengthening. 
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Fig. 2   The dependence of the contribution to the yield stress due to the solid solution strengthening 
as a function of the solute content in Al-Si, Al-Zn, Al-Sn, Al-Pb and Al-Fe alloys. Filled circles are 
the experimental results of Al-Zn alloys [4]. 

 

 

4. Summary 

From the first-principles calculation, the misfit strain due to Si, Zn, Sn and Pb atom in aluminum was 
–0.61, -0.38, +2.6 and +4.8 %, respectively. The calculated values of the amounts of solid solution 
strengthening were in good agreements with the available experimental values in Al-Zn alloy. This 
agreement provides confidence in our computational approach.  If the supersaturated solid solution 
could be formed during the non-equilibrium processing such as a melt-spinning process, new 
additional elements of Pb would be effective for the purpose of the solid solution strengthening. 
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